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ON 1 

D ' Background: orthonormal polynomials p n (x) = r y n x n + ■ ■ ■ : 

m : 

\Q ; a n+1 p n+1 (x) = (x - b n )p n (x) - a n p n _i(x) (1) 

, . , w'(x) 2V(x) 
<r ' related to a semi-classical weight w : — rr- = rr - (2) 

w(x) W(x) v ' 

, where V and are polynomials, satisfy differential relations 

-5: 

Wp' n = (fi n - V)p n - a n Q n p n -i (3) 

E: 

where 0, n and O n are polynomials of degrees < to— 1 and m— 2 (if degrees V and < to— 1 
^ ; and to), with O n+ i(x) = (x - 6 n )6 n (x) - O n (x), (4) 

00 ! - b n )(n n+1 (x) - O n (x)) = W(x) + a^ +1 6 n+ i(x) - a^6 n (x) 

(N ■ 

representing nonlinear recurrence relations for the a n 's and 6 n 's [Laguerre, 19 century]. 

on ; 

O . 

Statement: if, in addition to (2), the weight w depends on a parameter t so that 

ON 1 

dw(x,t)/dt _ T{x,t) 

w(x,t) ~ w(x,ty ^ ' 

g 

where T and W are polynomials in x and t ( the same W , which will now be written 
.£h I W(x, i)), each recurrence coefficient a^(t) and b n (t) satisfy a nonlinear differential equation 
having Painleve property (movable singular points are only poles) . [many people, 20 th 
■ century]. 

I have an (incomplete) elementary proof of this for generalized Jacobi weights 

w(x,t) =0, x < X\(t) or x > x m (t) 

m 

= Cj Y\ \x - x fc (t)| afc , Xj(t) < x < x j+1 (t), j = l,...,m-l. 
k=i 

where therefore W(x,t) = YlT( x ~ x k(t)) and (2) and (5) become 



(6) 



w'(x,t) _ y-v a k dw(x,t)/dt __ _ y> a k Xk{t) , , 

w(x,t) £^x-x k (t) w(x,t) ^x-x fc (t) 



2 



(N.B. so, the C/s and the ck/s do not depend on t; remark also that a k = 2V(xk)/W'(xk), 
Q n (x) = (n + (£™ ct k )/2)x m - 1 + ---, e n (x) = (2n + l + J2T a k)x m - 2 + - ■ ■). A differential 
system involving a n and b n is then 



; _ ^ (gn+lpCfc) - On(^fc))^fc _ >^ ((gfc ~ ^n)Qn(^fc) - 2Q n (a: fc ))xfc . s 

— = -^X)i: fc e n (x fc )/w , (x fc ) (io) 
7n 2 fc=l 

(j 6n(Xj) _ 7 n 6„(Xj) y V~ Xfc 6 n (:Cfc)Q n (:Cj) ~ Qn(Xj)Q n (x k ) , s 

dtW'( Xj )~ inW'ixj) jL Xj - Xk W'{xj)W'{x k ) ' [ ' 



dt W'(xj) ~ 7n _i W'(xj) fr'.Xj-Xk W'(x 3 )W'(x k ) ' [ ' 

d Vtnjxj) _ 2 sr^ Xj- x k e n (a; i )e n -i(a: fc ) - Q n (xk)&n-i(xj) 
dtW'( Xj ) a "^ Xj - Xk W'( Xj )W'(x k ) 



Problem: eliminate the O's and the O's in (8 — 13) so to exhibit the scalar differential 
equations for a n (t) and 6 n (t), at least in the m = 3 case of degree 3 in a; and 1 in t), 
and in the even m = 5 case («;(#, t) = |;r| Q |a: 2 — x\ \@\x 2 —x 2 ] 1 , b n = 0), see [1] for confluent 
cases and [2] for the even case. 

Proof of (8-13) 

The proof is valid only when a k > 0, so that 

= f *M du (14) 
m x-u 

is finite at the x fe 's. Then, fa w(u, t)p n (u, t)p n -i(u, t)du = 0, i = 0, 1, ...: 

Y]a k x k q n (x k )p n -i(x k ) + ( w(u,t) dPn ^ ,t ^ p n _i(u,t)du + — £»,o = 0, 
yielding the coefficients of the orthogonal expansion of 



dp (x t) m n 

— " ' = -—p n (x,t) -^a k x k q n {x k ,t)^2 i p n - i (x k ,t)p n - i (x,t) 



dt 7„ 

fe=l i=0 



—Pn(x, t)-^2 a kX k q n {x k ,t) 

ln k=l 



p n (x,t)p n - 1 (x k ,t) -p n (x k ,t)p n --i(x,t) 

a n (t) \-p n (x k ,t)p n (x,t) 

X Xfc 



(15) 
(16) 
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(Christoffel-Darboux) . From the coefficient of p n : 

m 

— = -^^Z a kXkqn{x k )p n {x k ) 
ln 1 k=l 

Now, from (14), (2), (3), (4), and (1) 

w Qn = {^n + V)q n -a n Q n q n - 1 ,Wp' n _ 1 = o„6 n _ip„- (Cl n + V)p n - 1 ,Wq' n _ 1 = a„6 n _ig„ - (fi n - V)q n - 1 , 
so that, using p n q n -i - Pn-iq n = l/a„, 

®n(xk) = 2V(x k )p n {x k )q n (x k ) = «fc W'{x k )p„ (x k )q„ (x fc ) , Q n (xfc) - V(x k ) = a n a k W'(x k )q n (xk)p n -i(xk), 

(17) 

giving (10), (8) follows from 7„_i = a„7„: a„/a„ = 7„_i/7„_i - 7n/7n- Now, (16) becomes 

dp n {x,t) _ 7» f \_V^- (^n(xfc) - F(xfc))p n (x) - a n 6n(xfe)Pn-lW n 

dt ~ ln P^ L. Xk W'(x k )(x-x k ) • (18) 

For (9), consider 

d Pn (x,t) _ d[ ln {t)x n - ln {t)(b G {t) + --- + b n _ l {t))x n - 1 + ■■•] _ 7n &o + ■■■ + &„-! 

r\ , — n, Pn — 1 T 

OT 7n a n 

and the coefficient of p n _i in (15): 

M hfrn-l • / N /■ N 1 \^ . ^n(xfe) - V(x fc ) 



— = - y^afcXfcgn(Xfc)f?n-l(Xfc) = ^2 

1 a " 1 



W'(x k ) 



For (11-13), we need the t— derivatives of p n (xj (t), t), q n (xj(t),t), etc. 
dp n (xj(t),t)/dt = (dp n (x,t)/dt)(xj) +Xjp' n (xj) 

(1\ ^. I l \ - ^n(x) - V(x) 6»(x) _ (^n(Xfc) - V^(x fc ))p n (x) - Q„8» (x fc )p n _ i (x) 

(3j^p„(xj- ^ Pn (x) a nw{x)Pn _ l( x)-2^ W'(x k )(x-x k ) 
and use (18): 

dPn (xMt)/dt = K n ( Xj ,t) + f> -x k ) ("n(^)-n^K(x J )- aB e m (x fc K-i(x J ) > (19) 



fl , . w(u,t)p n (u,t) du 
dg n {x,t) = JM x - u 
dt dt 

E. f W(u)p„(u) , , [ / \ inPn{u) , ^ . f . . [^n(xfe) - F(x fc )]p n (u) - fl n 9„ (Xfc )p n _ 1 (u) 
QffcXfc / -du + / w(u) — -du-yx k / w(u) — - — r 
j JR (u-x fe )(x-u) 7r 7„(x-u) ^ 7k W(x fe )(«-Xfc)(x-M) 

-111. ( \ - • [^n(xfc) + F(x fc )](g»(x) - g n (xfc)) - a» 6„ (Xfc ) (q n - 1 (x) - q n -i(x k )) 
~ in q n (x) ^x k W '(x k )(x-x k ) 



du 
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dqn ( Xj (t),t)/dt = ^ qn ( Xj ,t) + f> -x k ) ("n(xi e ) + V(xO) gB (x,)-a m e B (x <e ) gn - 1 (x J -) | 

7" " ( x k)\Xj x k) 

and we get (11) as ajd(p n (xj)q n {xj)) /dt (from (17)). For (12): use (11) with n — 1 instead of n, use 
^n-i(^) = (x — b n -iQ n -i(x) — fl n (x) from (4), and (12) follows from (10) and also J2T &n-i(%k)/W(xk) — 
coefficient of x m_1 of 6„_i = 0). Finally, we need dp n -i(xj(t),t)/dt for (13): take (19) with n — 1, replace 
-a n -iPn-2(xj) by a n p n (xj) - (xj - b n -i)p n -i(xj): 

dPn ^t),t)ldt=-^ Pn ^X j ,t)-± { X j -X k ) + V ^ :; -^) - -ne^xMx,) 

7n— 1 " ( x k)(Xj Xk) 



Exercise: show that the moment \i n = j R w(u)(u — xi) n du of (6) enters the solution 
of the following differential system as fi n = v n ,i, 
where v nJ = f R w(u) Yl™(u - x k ) fik {u - x^du: 

m 

= JZ(*J ~ x k )(a k + (3 k ) n,J _ n,h , j = 1, ...,m 

k=i x i Xk 

with Px = n + 1, = • • • = Pm = 1- 

This shows that the moments of these generalized Jacobi weights are regular functions of 
t in any region where the Xfc(t)'s are distinct. As a^(t) and 6 n (t) are ratios of determinants 
of moments, the movable singular points of their equations can only be poles (the zeros of 
the denominator determinants). 
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